
Exercises, Antennas  1 

 
Series 5: solutions 
 
Exercise 1 
We consider a linear array of 5 equidistant antennas separated by a distance d = λ/2. The array 

feeds are symmetrical (I0 = I4 and I1 = I3) and normalized with respect to the current of the 

central antenna (I2 = 1). We consider that the array is placed on the z-axis (figure). 

 

 
 

Figure 1. Réseau linéaire équidistant. 

 

 

We want to obtain the following characteristics for the normalized array factor (NAF): 

a) NAF 0dB for θ =90  b) NAF=-∞ dB for θ =60  c) NAF=-10dB for θ =0  (angles in degrees). 

Find the values of currents  I0  and I1 . 

 

 Amplitude Phase 

I0   

I1   

 

Note: It can be intuitively assumed that the maximum radiation is in the “broadside” direction 

(condition a)) and verified a posteriori by plotting the diagram obtained in Matlab once the 

coefficients have been found using the other conditions. 
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Solution:  

 

According to the initial condition, we have 

𝐼𝐼2 = 1 

𝑑𝑑 =
𝜆𝜆
2

, 𝑘𝑘𝑘𝑘 = 𝜋𝜋. 

The AF array factor and the NAF normalized array factor for a linear equidistant network are: 

𝐴𝐴𝐴𝐴(𝜃𝜃) = � 𝐼𝐼𝑛𝑛𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗 cos𝜃𝜃
𝑁𝑁−1

𝑛𝑛=0

, 𝐼𝐼𝑛𝑛 = 𝐴𝐴𝑛𝑛𝑒𝑒𝑗𝑗𝛼𝛼𝑛𝑛 

𝑁𝑁𝑁𝑁𝑁𝑁(𝜃𝜃) = �
𝐴𝐴𝐴𝐴(𝜃𝜃)

max[𝐴𝐴𝐴𝐴(𝜃𝜃)]� = �
𝐼𝐼0 + 𝐼𝐼1𝑒𝑒𝑗𝑗𝑗𝑗 cos𝜃𝜃 + 𝐼𝐼2𝑒𝑒𝑗𝑗2𝜋𝜋cos𝜃𝜃 + 𝐼𝐼1𝑒𝑒𝑗𝑗3𝜋𝜋cos𝜃𝜃 + 𝐼𝐼0𝑒𝑒𝑗𝑗4𝜋𝜋cos𝜃𝜃

max[𝐴𝐴𝐴𝐴(𝜃𝜃)] � 

After observing the desired characteristics for the NAF, we see that the maximum radiation is in the 
“broadside” direction, i.e.:  

𝑁𝑁𝑁𝑁𝑁𝑁(90°) = 0 dB = 1⇒𝛼𝛼 = 0 

|𝐼𝐼2 + 2𝐼𝐼1 + 2𝐼𝐼0| = max[𝐴𝐴𝐴𝐴(𝜃𝜃)] 

Thus, the NAF can be written as :  

�𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋� = 1 ⇒𝑁𝑁𝑁𝑁𝑁𝑁(𝜃𝜃) = �
𝐼𝐼2 + 2𝐼𝐼1 cos(𝜋𝜋 cos𝜃𝜃) + 2𝐼𝐼0 cos(2𝜋𝜋 cos𝜃𝜃)

𝐼𝐼2 + 2𝐼𝐼1 + 2𝐼𝐼0
�  

To obtain minimum radiation, it is necessary that: 

𝑁𝑁𝐴𝐴𝐴𝐴(60°) = −∞ dB = 0  

 𝐼𝐼2 − 2𝐼𝐼0 = 0 

𝐼𝐼0 =
1
2
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So, the condition that NAF=-10 dB for θ=0° is : 

𝑁𝑁𝑁𝑁𝐹𝐹𝑑𝑑𝑑𝑑 = 20 log10 𝑁𝑁𝑁𝑁𝑁𝑁 

𝑁𝑁𝑁𝑁𝑁𝑁(0°) = −10 dB = 10−
1
2 

|𝐼𝐼2 − 2𝐼𝐼1 + 2𝐼𝐼0|
𝐼𝐼2 + 2𝐼𝐼1 + 2𝐼𝐼0

=
1
√10

 

𝐼𝐼1 =
√10 − 1
√10 + 1

=
11 − 2√10

9
≈  0.5195 

Th eother solution for  |𝐼𝐼2−2𝐼𝐼1−2𝐼𝐼0|
𝐼𝐼2+2𝐼𝐼1+2𝐼𝐼0

= 1
√10

 is 𝐼𝐼1 ≈ 1.95. Since the excitation currents are normalized with 

respect to 𝐼𝐼2 = 1, this solution is not acceptable. 

Elément |Ii| phase(Ii) 

0 0.5 0 

1 ≈ 0.5195 0 

2 1 0 

3 ≈ 0.5195 0 

4 0.5 0 

Table 1. Solution pour the analytic computation. 
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Figure 2: Normalized array factor. 

 

 
 
Exercise 2 
Consider a linear array of N antennas equidistant and separated by a distance d. The antennas are 

numbered n=0,1,2...,N-1 and fed with currents n
nI A  . Find the mathematical expression for the 

array factor (AF). Find, when N=3 and / 2d λ , the zero radiation directions the cases A=0.5, 1, and 2. 

Solution:  

0

1

2

N-1

 . 
  .

   
.

θ

r

 

Figure 1 : Array geometry 

 

The array factor AF is given by : 

1
ˆ

0
AF nr

N
djke

n
n

I e
−

⋅

=

= ∑


. 

According to the array geometry (Figure 1), we have that :   

( )ˆ ˆˆ ˆ cosn r n rd ndz e d e z nd nd θ= ⇒ ⋅ = ⋅ =
 

. 

Thus, 
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( )
1 1

cos cos

0 0
AF

nN N
n jk nd jk d

n n
A e Aeθ θ

− −

= =

= =∑ ∑ . 

This geometric series yields :   

cos

cos

1AF
1

N jkN d

jk d

A e
Ae

θ

θ

−
=

− . 

In teh case where d=λ/2, AF is give by : 

 
cos

cos

12 AF
1

N jN

j

A ed
Ae

π θ

π θλ −
= ⇒ =

− .
 

The zero radiation directions are found as: 

𝐴𝐴𝐴𝐴 = 0 ⟹ 1−𝐴𝐴𝑁𝑁𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

1−𝐴𝐴𝑒𝑒𝑗𝑗𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0 ⟹ 𝐴𝐴𝑁𝑁𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 1. 

Therefore, equality is only possible if A = 1. In this case, we can rewrite AF: 

cos cos cos cos sin coscos 2 2 2 21 2AF 1 1 1 1cos 11 cos cos cos cos sin cos
2 2 2 2 2

N N N N Nj j j jjNe e e e e
je j j j j

e e e e

π θ π θ π θ π θ π θπ θ

π θ π θ π θ π θ π θ π θ

 −
 − −  = = =
 − −  
 −

 

When the sine argument is small, AF will look like: 

sin cos
2

cos
2

N

AF
π θ

π θ

 
 
 

 . 

Then, the radiation is zero when: 

sin cos 0 cos
2 2
N N kπ θ π θ π  = ⇒ = ± 

 
       

k 1
k 0

=
≠

 

For k=0, AF reaches its maximum because it transforms into sin0/0.   
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So, we see that the zero-radiation directions in the case N=3 and d=λ/2 are given by: 

3 3sin cos 0 cos
2 2

π θ π θ π  = ⇒ = ± 
 

 

2arccos 48.19
3

θ θ = ± ⇒ = ° 
 

 ou 131.81θ = ° . 
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